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MATHEMATICS 
ON SEMI-LOCALLY CONNECTED SPACES 
BY 
s. MROWKA AND w. J. PERVIN *) 
(Communicated by Prof. H. FREUDENTHAL at the meeting of September 26, 1964) 
A semi-locally connected space is one having a base of open sets the 
complmpents of which have finitely many components. In [1] PERVIN 
and LEVINE showed that the topology of a semi-locally connected Tl-
space is uniquely determined by its family of connected subsets; i.e., 
if X and Yare semi-locally connected T1-spaces and there exists a one-to-
one mapping h of X onto Y such that 0 <;;:X is connected iff h(O) is 
connected, then the spaces X and Y are homeomorphic, indeed, the 
mapping h is a homeomorphism. In this paper we shall give an alternative 
proof of that theorem showing how to reconstruct the topology from the 
class of all connected subsets. 
Lemma 1. Let X be a T1-space and 0 a connected subset of X, 
then 0 is 'closed iff 0 u {x} is not connected for every x in X\0. 
Proof. Let 0 be closed and let x E X\0, then 0 u {x} admits the 
obvious separation into 0 and {x} and so is not connected. Conversely, 
if 0 is not closed, then there exists a point x E X\0 which belongs to 
c(O). Since 0 <;;: 0 u {x} <;;: c(O), 0 U {x} is connected. . 
Lemtna 2. If X is a semi-locally connected space, then the family 
of complements of the closed, connected subsets of X is a subbase for 
the topology. 
Proof. This family induces some topology, and since the complement 
of a closed set is open, it is no larger than the original topolegy. On the 
other hand, if a point x belongs to an open set G in a semi-locally con-
nected space, there is a basis element whose complement has finitely 
many components containing x and contained in G. Since components 
al"e closed, connected subsets of X, the two topologies are identical. 
In order to describe our result concisely, we will introduce some 
notation. If tf is a family of subsets, it is well known that by <ta (ltd) is 
meant the family of all countable unions (countable intersections) of 
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members of if. Analogously, we will denote by i!8 (ffd) the family of all 
finite unions (finite intersections) of members of if, and by ffx (C.<~) the 
family of all unions (intersections) of members of C. Thus, for example, 
a family .9 is a subbase for a topology .r iff .9dx=!T. 
Theorem 1. The topology .r of a semi-locally connected T1-space 
(X, !T) is completely determined by its family f(f of connected subsets, 
namely, 
.r = {E : X\E E f(f and for every 
x E E, (X\ E) U {x} ¢ f(f}dx· 
Proof. This follows immediately from the previous lemmas. 
The condition of semi-local connectivity is rather infrequently used 
so in the next theorem we will give a sufficient condition for this property 
to hold. 
Theorem 2. A compact Hausdorff space X which is locally con-
nected is semi-locally connected, and hence its topology is determined 
by its family of connected subsets. 
Proof. Let x be a point of an open set G. Let if be the family of a11 
connected open sets E such that x ¢ c(E). By the regularity and local 
connectivity of X, if forms an open covering of X\G. Since X\G is closed, 
it is compact so a finite collection E1, ... ,En of members of if covers 
X\G. We now set G*=X\Uf~1c(Et) and note that G* is an open set 
containing x and contained in G whose complement has finitely many 
components. Thus X is semi-locally connected. 
To show that local connectivity is not sufficient without some con-
dition such as compactness, we give the following example. Let J n denote 
the closed segment of length 1 and slope 1/n emanating from the origin 
in the plane, and Kn the closed segment of length 1/n and slope 1/n also 
emanating from the origin. We let X= UnJn and Y = UnKn, each with 
the subspace topology from the plane. There is an obvious one-to-one 
mapping of X onto Y which maps connected subsets of X onto connected 
subsets of Y. Nevertheless, they are not homeomorphic since X is not 
compact while Y is compact. Both are locally connected but we note 
that Y is semi-locally connected (Theorem 2) although X is not. 
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